Abstract In this paper, we will give approximation error estimates as well as corresponding inverse inequalities for B-splines of maximum smoothness, where both the function to be approximated and the approximation error are measured in standard Sobolev norms and semi-norms. The presented approximation error estimates do not depend on the polynomial degree of the splines but only on the mesh size.
Introduction
The objective of this paper is to prove approximation error estimates as well as corresponding inverse estimates for B-splines of maximum smoothness. The presented approximation error estimates do not depend on the degree of the splines but only on the mesh size. All bounds are given in terms of classical Sobolev norms and semi-norms.
In approximation theory, B-splines have been studied for a long time and many properties are already well known. We do not go into the details of the existing results but present the results of importance for our study throughout this paper.
The emergence of Isogeometric Analysis, introduced in [12] , sparked new interest in the theoretical properties of B-splines. Since isogeometric Galerkin methods are aimed at solving variational formulations of differential equations, approximation properties measured in Sobolev norms need to be studied.
The results presented in this paper improve the results given in [14, 8, 1] by explicitly studying the dependence on the polynomial degree p. Such an analysis was done in [2] . However, the results there, do not cover (for p > 3) the most important case of B-splines of maximum smoothness k = p − 1. Unlike the aforementioned papers we only consider approximation with B-splines in the parameter domain within the framework of Isogeometric Analysis. A generalization of the results to NURBS as well as the introduction of a geometry mapping, as presented in [1] , is straightforward and does not lead to any additional insight.
Note that a detailed study of direct and inverse estimates may lead to a deeper understanding of isogeometric multigrid methods and give insight to suitable preconditioning methods. We refer to [11, 9] , where similar techniques were used.
We now go through the main results of this paper. For simplicity, we consider the case of one dimension first. Here, without loss of generality, we assume that Ω = (0, 1).
For this domain we can introduce for any n ∈ N := {1, 2, 3, . . .} a uniform grid M n by subdividing Ω into subintervals (elements) of length h n := 1 n . On these grids we can introduce spaces of spline functions.
Definition 1 S p,k,n (Ω) is the space of all spline functions in C k (Ω), which are piecewise polynomials of degree p on the mesh M n , i.e. polynomials of degree p on each element of the mesh.
Here and in what follows, C 0 (Ω) is the space of all continuous functions mapping Ω → R. For k > 0, C k (Ω) is the space of all k times continuously differentiable functions. For completeness, we have to define also C −1 (Ω) as the space of all Riemann-integrable functions Ω → R.
The main result of this paper is the following.
Theorem 1 For each u ∈ H 1 (Ω), each n ∈ N and each p ∈ N, there is a spline approximation u p,p−1,n ∈ S p,p−1,n (Ω) such that
is satisfied.
Here and in what follows, L 2 is the standard Lebesgue space of square integrable function and H r denotes the standard Sobolev space of order r ≥ 0 with standard norms and semi-norms.
Remark 1 Obviously S p,k,n (Ω) ⊇ S p,p−1,n (Ω) for all 0 ≤ k ≤ p − 1. So, Theorem 1 is also valid in that case. However, for this case there might be better estimates for these larger B-spline spaces. Moreover, Theorem 1 is also satisfied in the case of having repeated knots, as this is just a local reduction of the continuity (which just enlarges the corresponding space of spline functions).
As we are mostly interested in the case k = p − 1, here and in what follows, we will use S p,n (Ω) := S p,p−1,n (Ω).
Below, we will introduce a subspace S p,n (Ω) ⊆ S p,n (Ω) (cf. Definition 3) and show that the spline approximation is even in the space S p,n (Ω) (cf. Corollary 1). Note that for S p,n (Ω) there is also a corresponding inverse inequality.
Theorem 2 For each n ∈ N and each p ∈ N,
is satisfied for all u p,n ∈ S p,n (Ω).
Remark 2 This inverse inequality does not extend to the whole space S p,n (0, 1).
Here it is easy to find a counterexample: The function u p,n , given by
is a member of the space S p,n (0, 1). Straight-forward computations yield
which cannot be bounded from above by a constant times h −1 n uniformly in p.
Will moreover show that both the approximation error estimate and the inverse inequality are sharp up to constants (Corollaries 2 and 3).
The remainder of this paper is organized as follows. In Section 2, we give the necessary definitions and briefly discuss the known approximation error results. The Sections 3 and 4 are dedicated to the proof of the approximation error estimate (Theorem 1). The inverse inequality (Theorem 2) will be proven in Section 5. In the following two sections, we generalize those results: In Section 6 we consider higher Sobolev indices and in Section 7, the results are generalized to two or more dimensions.
Known results and spline spaces
In this section, we first recall some known results on spline approximation. In the second subsection, we give the definitions that are needed throughout the paper and, moreover, we extend some known results to the periodic case.
Known approximation results
We start with a well-known approximation error estimate which relates -for a fixed polynomial degree p and a fixed smoothness k -the approximation error and the grid size. The result is well-known in literature, cf. [14] , Theorem 6.25 or [8] , Theorem 7.3. In the framework of Isogeometric Analysis, such results have been used, e.g., in [1] , Lemma 3.3.
Theorem 3 For each r ∈ N 0 := {0, 1, 2, 3, . . .}, each k ∈ N 0 , each q ∈ N and each p ∈ N, with 0 ≤ r ≤ q ≤ p + 1 and r − 1 ≤ k < p, there is for each u ∈ H q (Ω) a spline approximation u p,k,n ∈ S p,k,n (Ω) such that
is satisfied, where C(p, k, r, q) is a constant that might depend on p, k, r and q. C(p, k, r, q) is independent of the gird size h n .
This lemma is valid for tensor-product spaces in any dimension and gives a local bound for locally quasi-uniform knot vectors. However, the dependence of the constant on the polynomial degree has not been derived. A major step towards p-dependent estimates was presented in [2] , Theorem 2, where an estimate with an explicit dependence on p, k, r and q was given. However, there the continuity is limited by the upper bound 1 2 (p − 1). In our notation, the theorem reads as follows.
is satisfied, where C is a constant that is independent of p, k, r, q and the grid size h n .
Remark 3
The requirement q ≥ k + 1 can be dropped easily. First note that Π (r) p,k,n , the H r -orthogonal projection operator from H r (Ω) to S p,k,n (Ω), is the optimal interpolation and satisfies both,
Due to the Hilbert space interpolation theorem (Theorem 3.2.23 in [6] ), we obtain that
holds for any (real)q that satisfies r ≤q ≤ q. Here,Ĉ only depends onq.
Again, the original result was stated for locally quasi-uniform knots. For any p > 3 the relevant case k = p − 1, which we consider, is not covered by this theorem.
Similar results to Theorem 1 are known in approximation theory, cf. [13] . There, however, different norms have been discussed. Hence we do not go into the details.
In [10] , it was suggested and confirmed by numerical experiments that Theorem 1 is satisfied. A proof was however not given.
Spline spaces
For any function u ∈ H 1 (0, 1), the symmetric function w : (−1, 1) → R, given by w(x) := u(|x|), also satisfies w ∈ H 1 (−1, 1). Because w(−1) = w(1), the function w can be extended in a periodic way to R.
The periodic extension is still symmetric, i.e. w(−x) = w(x) for all x ∈ R, and can be approximated by a periodic and symmetric spline. Here and in what follows, the term symmetric spline refers to a spline that is an even function, i.e., to a spline satisfying w p,n (x) = w p,n (−x). The space of periodic splines is given by the following definition.
Definition 2 S
per p,n (−1, 1) is the space of all w p,n ∈ S p,n (−1, 1) that satisfy the periodicity condition
The restriction of a symmetric spline function w p,n ∈ S per p,n (−1, 1) to the interval (0, 1) is again a function in u p,n ∈ S p,n (0, 1). However, we know more: As w p,n is assumed to be a symmetric spline, i.e. an even function, we have
By plugging x = 0 into this condition, we obtain that all odd derivatives vanish for x = 0. By plugging x = 1 into the condition, we obtain together with (2) that also for x = 1 all odd derivatives vanish.
Concluding, the restricted function u p,n is the member of some space S p,n (0, 1), which can be characterized by the following definition.
Definition 3 S p,n (0, 1) is the space of all u p,n ∈ S p,n (0, 1) that satisfy the following symmetry condition:
We can extend Theorem 3 for k = p − 1 to the following lemma stating that the approximation error estimate is still satisfied if we restrict ourselves to periodic splines. Let H q,per (−1, 1) be the space of all w ∈ H q (−1, 1) that satisfy the periodicity condition
The following lemma holds.
Lemma 1 For each r ∈ N 0 , each q ∈ N and each p ∈ N with 0 ≤ r ≤ q ≤ p+1 and r − 1 < p, there is for each w ∈ H q,per (−1, 1) a spline approximation w p,n ∈ S per p,n (−1, 1) such that
is satisfied, where C(p, r, q) is a constant that might depend on p, r and q. C(p, r, q) is independent of the gird size h n .
Proof We make use of the fact that the proof in [14] uses local projections. So, there is a local approximation error estimate available, cf. [14] , Theorem 6.24: The value of the approximation Q p,n w of a function w at a certain element I i := (x i , x i+1 ) only depends on the values of the function to be approximated in a certain neighborhood I i := (x i − p h n , x i+1 + p h n ). We assume that the grid is fine enough such that
). Due to [14] , Theorem 6.24, the following local estimate
is satisfied for a constant C(p, r, q) which is independent of the grid size h n . The function w can be extended periodically to R. For this function, we can construct a spline approximation w p,n := Q p,k w, defined on R. Based on the local error estimates (3) and using
Because w is periodic, we obtain
This finishes the proof. The next step is to introduce bases for the B-spline spaces which we have defined in this section to make it easier to work with them and to make the reader more familiar with the function spaces. For the construction of the basis we assume that n > p, i.e., that the grid is fine enough not to have basis functions that interact with both end points of the grid. Note that we do not need this requirement for the proofs of the main theorems.
On R, B-spline basis functions (cardinal B-splines) are typically defined as follows, cf. [14] , (4.22).
Definition 4
The B-splines of degree p = 0 are given for any n ∈ N by
where i ∈ Z. The B-splines of degree p > 0 are for any n ∈ N given by the recurrence formula
where i ∈ Z.
We obtain by construction that supp ψ
or, equivalently, that for i ∈ {−p, n} the intersection of the support with Ω = (0, 1) is non-empty.
For S per p,n (0, 1), we introduce a B-spline basis as follows:
To show that this is actually a basis, we observe that the functions ϕ (5) is n, so it coincides with the dimension of S p,n (0, 1) minus the number of periodicity conditions. Hence we conclude that (5) is a basis. If we omit the functions which vanish in (0, 1), we obtain
For S p,n (0, 1), we may introduce a B-spline basis as follows:
Again, after omitting the vanishing terms and eliminating duplicates, we derive for odd p the basis
and for even p the basis Again, we observe that these functions are linear independent. Moreover, we see that the dimension of the space corresponds to the dimension of S p,n minus the number of 2 p/2 boundary conditions. This again indicates that the presented sets are bases.
Remark 4 By construction, the latter bases for S p,n (0, 1) form a partition of unity. Moreover, all basis functions are obviously non-negative. If we compare the pictures of the B-spline basis functions in S p,n (0, 1) ( Fig. 1 and 2 ) with the standard B-spline basis functions for S p,n (0, 1) ( Fig. 3  and 4 ) obtained from a classical open knot vector, we see that the latter ones have more basis functions that are associated with the boundary. This can also be seen by counting the number of degrees of freedom, cf. Table 1 .
An estimate for two consecutive grids
In this section we will show an approximation error estimate for two consecutive grids for the periodic case. To be able to do a proper telescoping argument, we have to analyze a fixed interpolation operator. So, we show that
holds for all w p,2n ∈ S per p,2n (−1, 1), where I is the identity and Π p,n is the H 1 -orthogonal projection operator, given by the following definition.
for all w p,n ∈ S per p,n (−1, 1), where
The proof will be done using Fourier analysis. For this purpose, we have to introduce a matrix-vector formulation of (6) . Here, we follow the classical approaches that are used in finite element (FEM) approaches as well as in Isogeometric Analysis (IGA). So we first introduce the standard mass matrix and give some results. Then we introduce standard stiffness matrix and intergrid transfer matrices as it is common for standard multigrid methods.
Some results for the standard mass matrix
Using the B-spline basis, we can introduce a standard mass matrix M p,n = (m
. For an equidistant grid, we can derive the coefficients of the mass matrix explicitly. Due to [17] , we have
where ξ ∈ {−n/2, . . . , n/2 − 1} such that i − j ≡ ξ mod n. Here, E(n, k) are the Eulerian numbers, which satisfy the recurrence relation
and the initial condition
The following lemma relates the mass matrices for two polynomial degrees.
Lemma 2 For all p ∈ N, all n ∈ N and all vectors w n ∈ R 2n , the inequality
Proof Take σ := min{0, min w n } and define u n := w n − σe n , where e n := (1, 1, 1 , . . .) T ∈ R 2n . Then we have for q ∈ {p − 1, p}
As the B-splines form a partition of unity (Theorem 4.20 in [14] ), we have M q,n e n = h −1 n e n , so
n (e n , e n ) 2 .
Note that σ ≤ 0 and u n ≥ 0. So, −2σh
n (e n , e n ) 2 ≥ 0. Hence (7) is a consequence of u n Mp,n ≤ 2 u n Mp−1,n .
For u n = (u i )
2n−1 i=0 and q ∈ {p − 1, p}, we have
where the basis function ϕ (i) q,n are as specified in (5) . Using the recurrence formula (4), we obtain
We have (by construction) that ϕ
where S n is a shift operator, mapping (u 0 , u 1 , . . . , u n−1 ) to (u n−1 , u 0 , . . . , u n−2 ). Hence we conclude
where the last equation is due to the fact that M p−1,n is a simple, periodic band-matrix. This finishes the proof.
Fourier analysis and the symbol of the mass matrix
A. Brandt has proposed to use Fourier series to analyze multigrid methods, cf. [5] . Fourier analysis provides a framework to determine sharp bounds for the convergence rates of multigrid methods and other iterative solvers for problems arising from partial differential equations. This is different to classical analysis, which typically yields qualitative statements only. For a detailed introduction into Fourier analysis, see, e.g., [16] .
Besides the analysis of multigrid solvers, the idea of Fourier analysis can be carried over to the computation of approximation error estimates, as we will see in the remainder of this section.
The key idea of Fourier analysis is to represent the vectors u n ∈ R n in terms of a Fourier series
where Θ n := {0, h n π, 2h n π, 3h n π, . . . , (2n − 1)h n π}. We observe that
is satisfied, i.e., that φ n (θ) is an eigenvector of M p,n . In Fourier analysis, the eigenvalue M p,n (θ) is called the symbol of M p,n .
As the factor
in (9) is symmetric in l, we have
The symbol is better characterized by the following lemma.
and θ 2 where cos θ 1 ≤ cos θ 2 .
Proof For c ∈ [0, 2], we define
The statement of the lemma is now equivalent to
n M p,n (arccos(c − 1)) = f p,n (c) is monotonically increasing for c > 0. Since we can express cos(l arccos(c)) as the l-th Chebyshev polynomial, f p,n is a polynomial function in c. Using the recurrence relation for the Eulerian numbers, we can derive the following recurrence formula for f p,n :
We can make an ansatz
and derive the recurrence formula
for the coefficients a p,j . For p = 1, we obtain a 1,j = 1 3 for j ∈ {0, 1} 0 otherwise.
As A p,j ≥ 0, B p,j ≥ 0 and C p,j ≥ 0 for 0 ≤ j ≤ p, one can show using induction in p that for all p ≥ 1:
This immediately implies that f p,n (0) > 0 and that f p,n (c) is monotonically increasing for c > 0, which concludes the proof.
The symbol of the stiffness matrix
The next step is to derive the symbol of the stiffness matrix K p,n = (k
.
Since the basis functions ϕ (i)
p,n form a partition of unity,
p,n (x)dx = h n holds for all i. So, we obtain
Note that for uniform knot vectors the identity
holds, see e.g. (5.36) in [14] . Hence we directly obtain
Because the grid is equidistant, this reduces to
As 2n−1 l=0 e iθl h 2 n = 0 for all θ ∈ Θ n \{0}, the term "+h 2 n " does not have any effect in this case. So, the symbol of the stiffness matrix K p,n is given via
for θ ∈ Θ n \{0}. For θ = 0, the part representing the derivatives vanishes and we obtain K p,n (0) = h 2 n 2n−1 l=0 e 0 = 2nh 2 n = 2h n .
Representing intergrid transformations in Fourier analysis
As we have been mentioning in the beginning of this section, we are interested in showing that
is satisfied for any u p,2n ∈ S per p,2n (−1, 1). Using mass matrix M n and stiffness matrix K n , this can be rewritten as
for all u 2n ∈ R 4n . Here, P p,2n is the matrix representing the canonical embedding of S 1) . Before we can analyze (11), we have to determine the symbol for P p,2n .
The following lemma is rather well-known in literature, cf. Lemma 4 For all p ∈ N, all n ∈ N and all x ∈ R,
This allows to introduce the symbol of the prolongation operator. Here, the symbol cannot be understood as eigenvalue anymore as the prolongation operator is a rectangular matrix. However, we have
We observe that the prolongation operator P p,2n maps the linear span, spanned by φ p,2n (2θ) (13) to the linear span, spanned by φ p,n (θ) and φ p,n (θ + π).
The restriction operator P T p,2n maps the linear span, spanned by (14) , to the linear span, spanned by (13) . So, we can introduce the symbol as a 2×1-matrix
Now we have all the ingredients needed to derive the symbol of the projection operator in (11).
Analysis of the projection operator
The symbol Π (14), i.e., it is a 2 × 2-matrix with
where A * is the conjugate complex of the transpose of a matrix A. Here, K p,2n (θ) is the representation of the symbol of the stiffness matrix corresponding to the basis (14) . Since we know that the multiplication with the stiffness matrix preserves any frequency, we obtain
where K p,2n (θ) is the representation of the symbol of the stiffness matrix corresponding to the basis (13) . The basis (14) naturally splits the domain of frequencies Θ = [0, 2π) into subdomains Θ (high) := [π/2, 3π/2) and Θ (low) := Θ\Θ (high) . Here, for any θ ∈ Θ (low) , we obtain θ + π ∈ Θ (high) . We observe that cos θ ≥ 0 for θ ∈ Θ (low) and cos θ ≤ 0 for θ ∈ Θ (high) and vice versa. Next, we show the following lemma.
Lemma 5 For any
Proof Rewriting (16) in matrix notation, we obtain
where
Here and in what follows, · is the Euclidean norm. Using Lemma 2 we get
So it suffices to show
which is equivalent to
where ρ denotes the spectral radius. This statement is equivalent to
for all θ ∈ Θ n , where Π which is obviously true for all c ∈ ]0, 1[, all ξ ∈ [0, 1] and all ω ∈ [0, 1]. The case θ = 0 has the be considered separately. Here, we have to use K p,n (0) = 2h n and obtain -by straight-forward computation -that q(0) = First, we show the following lemma.
Lemma 6 For each w ∈ H 1,per (−1, 1), each n ∈ N and each p ∈ N
Proof Using the triangular inequality, we obtain for any q ∈ N
We use Lemma 1 and a standard Aubin-Nitsche duality argument to estimate 1 ) from above. Using [4] , Lemma 7.6, and Lemma 1 for r = 1 and q = 2, we immediately obtain
where C(p) is independent of the grid size. Using (19) and Lemma 5, we obtain
and using the summation formula for the geometric series gives
As this is true for all q ∈ N, we can take the limit q → ∞ and obtain the desired result.
Theorem 1 is the extension of Lemma 6 to the non-periodic case.
Proof of Theorem 1 First, we observe that any u ∈ H 1 (0, 1) can be extended to a w ∈ H 1,per (−1, 1) by defining w(x) := u(|x|). Using Lemma 6, we can find a function w p,n ∈ S per p,n (−1, 1) such that
This function is not necessarily symmetric, i.e., w p,n (x) = w p,n (−x) might not be true. However, w p,n (x) := 1 2 (w p,n (x) + w p,n (−x)) is symmetric and still satisfies the error estimate
By restricting w p,n to (0, 1), we obtain a function u p,n ∈ S p,n (0, 1). This function satisfies the desired approximation error estimate since both |w|
hold due to the symmetry of w.
In the proof, we have defined u p,n to be the restriction of a symmetric and periodic spline w p,n to (0, 1). So, u p,n ∈ S p,n (0, 1) is satisfied, i.e., we have shown the following result.
Corollary 1 For each u ∈ H 1 (0, 1), each n ∈ N and each p ∈ N, there is a spline approximation u p,n ∈ S p,n (0, 1) such that
The proof of the inverse inequality (Theorem 2)
The proof of Theorem 2 is rather easy.
Proof of Theorem 2
We can extend every u p,n ∈ S p,n (0, 1) to (−1, 1) by defining w p,n (x) := u p,n (|x|) and obtain w p,n ∈ S per p,n (−1, 1). The inverse inequality (1) is equivalent to
This is shown using induction in p for all u ∈ S p,n (−1, 1). For p = 1, (20) is known, cf. [15] , Theorem 3.91. Now, we show that the constant does not increase for larger p. So assume p > 1 to be fixed. Due to the periodicity and due to the Cauchy-Schwarz inequality,
is satisfied. Using the induction assumption (and w p,n ∈ S per p−1,n (−1, 1), cf. [14] , Theorem 5.9), we know that
Combining these results, we obtain
and further
This shows (20), which concludes the proof.
Remark 5 The proof of Theorem 2 does not require the grid to be equidistant. Having a general grid, the following estimate is satisfied:
for all splines u p,n on (0, 1) with vanishing odd derivatives at the boundary, where h is the size of the smallest element.
As we have proven both an approximation error estimate and a corresponding inverse inequality, both of them are sharp (up to constants independent of p and h n ):
Corollary 2 For each n ∈ N and each p ∈ N, there is a function u ∈ H 1 (0, 1) such that inf up,n∈ Sp,n(0,1)
Proof Let u ∈ S p,n+1 (0, 1) be a non-constant function with (u,ũ p,n ) L 2 (0,1) = 0 for allũ p,n ∈ S p,n . In this case, the infimum is taken for u p,n = 0. So, we obtain using Theorem 2 inf up,n∈ Sp,n(0,
. As h n+1 ≥ h n /2 for all n ∈ N, this finishes the proof.
Corollary 3 For each n ∈ N (with n ≥ 2) and each p ∈ N, there is a function u p,n ∈ S p,n (0, 1)\{0} such that
. As h n ≥ h n−1 /2 for all n ≥ 2, this finishes the proof.
An extension to higher Sobolev indices
We can easily lift Theorem 1 (Corollary 1) up to higher Sobolev indices.
Theorem 5 For each q ∈ N, each n ∈ N and each p ∈ N with 0 < q ≤ p + 1, there is for each u ∈ H q (0, 1), a spline approximation u p,n ∈ S
where S (q) p,n (0, 1) is the space of all u p,n ∈ S p,n (0, 1) that satisfy the following symmetry condition:
∂x 2l+q u p,n (1) = 0 for all l ∈ N 0 with 2l + q < p.
Proof The proof is done by induction. From Corollary 1, we know the estimate for q = 1 (as S (1) p,n (0, 1) = S p,n (0, 1)) and all p > q − 1 = 0. For q = 1 and p = q − 1 = 0, the estimate is a well-known result, cf. [14] , Theorem 6.1, (6.7), where (in our notation) |u − u 0,n | L 2 (0,1) ≤ h n |u| H 1 (0,1) has been shown.
So, now we assume to know the estimate for some q − 1 and show it for q. As u ∈ H q (0, 1), we know that u ∈ H q−1 (0, 1), so we can apply the induction hypothesis and obtain that there is some u p−1,n ∈ S (q−1)
Note that u p,n ∈ S p,n (0, 1) as integrating increases both the polynomial degree and the differentiability by 1, cf. [14] , Theorem 5.16. Because by integrating the boundary conditions on the l-th derivative become conditions on the l+1-st derivative, we further have u p,n ∈ S (q) p,n (0, 1). Therefore, we have
which is the same as
This finishes the proof.
Remark 6
The integration constant (integration constants for q > 2) in (21) can be used to guarantee that
for all l ∈ {0, 1, . . . , q − 1}.
For the spaces S (q) p,n (0, 1) there is again an inverse inequality.
Theorem 6 For each n ∈ N, each q ∈ N and each p ∈ N with 0 < q ≤ p + 1,
is satisfied for all u p,n ∈ S (q) p,n (0, 1), where S (q) p,n (0, 1) is as defined in Theorem 5.
Proof First note that (22) is equivalent to
As
p−q+1,n (0, 1) = S p−q+1,n (0, 1), cf. [14] , Theorem 5.9, the estimate (23) follows directly from Theorem 2.
Again, as we have both an approximation error estimate and an inverse inequality, we know that both of them are sharp (cf. Corollaries 2 and 3).
The following theorem is directly obtained from telescoping.
Proof Theorem 5 states the desired result for r = q − 1. For r < q − 1, the statement is shown by induction in r. So, we assume to know the desired result for some r, i.e., there is a spline approximation u p,n ∈ S p,n (0, 1) such that
Now, we show that there is some u p,n ∈ S p,n (0, 1) such that
Theorem 5 states that there is a function u p,n ∈ S p,n (0, 1) such that
which shows together with the induction assumption (24) the induction hypothesis (25).
Here, it is not known to the authors how to choose a proper subspace of S p,n (0, 1) such that a complementary inverse inequality can be shown.
Extension to two and more dimensions and application in Isogeometric Analysis
We can extend Theorem 1 (and also Corollary 1) to the following theorem for a tensor-product structured grid on Ω := (0, 1) d . Here, we can intro-
p,n ) is a basis of S p,n (0, 1), the space W p,n (Ω) is given by
The proof is similar to the proof in [3] , Section 4, for the two dimensional case.
To keep the paper self-contained we give a proof of this theorem.
Proof of Theorem 8
For sake of simplicity, we restrict ourselves to d = 2. The extension to more dimensions is completely analogous. Here
We assume u ∈ C ∞ (Ω) and show the desired result using a standard density argument. Using Theorem 1, we can introduce for each x ∈ (0, 1) a function v(x, ·) ∈ S p,n (0, 1) with
By squaring and taking the integral over x, we obtain
By choosing v(x, ·) to be the L 2 -orthogonal projection, we also have
for all x ∈ (0, 1) and consequently
As v(x, ·) ∈ S p,n (0, 1), there are coefficients v j (x) such that
p,n (y).
Using Corollary 1, we can introduce for each j ∈ {0, . . . , N } a function w j ∈ S p,n (0, 1) with v j − w j L 2 (0,1) ≤ 2 √ 2 h n |v j | H 1 (0,1) .
Next, we introduce a function w by defining w(x, y) := .
Using (27), we obtain
Using (26) and (29), we obtain
which finishes the proof.
The extension of Theorem 2 to two or more dimensions is rather easy.
Theorem 9
Consider Ω := (0, 1) d . For each n ∈ N and each p ∈ N,
is satisfied for all u p,n ∈ W p,n (Ω).
Proof For sake of simplicity, we restrict ourselves to d = 2. The generalization to more dimensions is completely analogous. We have obviously The extension to isogeometric spaces can be done following the approach presented in [1] , Section 3.3. In Isogeometric Analysis, we have a geometry parameterization F : (0, 1) d → Ω. An isogeometric function on Ω is then given as the composition of a B-spline on (0, 1) d with the inverse of F. The following result can be shown using a standard chain rule argument.
There exists a constant C = C(F, q) such that
for all f ∈ H q (Ω). See [1] , Lemma 3.5, or [3] , Corollary 5.1, for related results. In both papers the statements are slightly more general, [1] gives a more detailed dependence on the parameterization F whereas [3] establishes bounds for anisotropic meshes.
Using this equivalence of norms, we can transfer all results from the parameter domain (0, 1) d to the physical domain Ω. However, we need to point out that this equivalence is not valid for seminorms. Hence, in Theorem 1 (and follow-up Theorems 5, 7 and 8) the seminorms on the right hand side of the equations need to be replaced by the full norms. Moreover, the bounds depend on the geometry parameterization via the constant C in (30).
A similar strategy can be followed when extending the results to NURBS. We do not go into the details here but refer to [1, 3] for a more detailed study. In the case of NURBS the seminorms again have to be replaced by the full norms due to the quotient rule of differentiation. In that case the constants of the bounds additionally depend on the given denominator of the NURBS parameterization.
